Abstract. Matter waves can be assigned a coherence length analogous to the corresponding quantity in optics. We show that there is a dramatic increase in coherence length associated with the appearance of Bose-Einstein condensation in a trapped ideal Bose gas. The large increase in coherence length occurs even for temperatures just below the critical temperature at which only a small proportion of the trapped atoms is to be found in the ground state.
Introduction
The observation of interference between atoms prepared in Bose-Einstein condensates [1] [2] [3] provided a remarkable demonstration of the wave nature of matter at the macroscopic level. In these experiments, the condensates appeared to behave as classical waves rather than as ensembles of point particles. The visibility of the interference fringes observed is determined, as in optics, by the coherence properties of the interfering atoms. The coherence properties are most readily and completely described in terms of coherence functions [4] [5] [6] . Indeed, the existence of coherence is a necessary requirement for interference, with the coherence length furnishing a critical measure. In this paper we introduce the coherence length for a trapped Bose gas as a measure of the distance over which interference can be observed. We show that condensation is accompanied by a dramatic increase in the coherence length. At very low temperatures, the coherence length approaches the size of the condensate as demonstrated in [7] .
Bose-Einstein condensation is associated with the appearance of a macroscopic population of atoms in the motional ground state. The wavefunction for this ground state then plays a role analogous to the amplitude of a coherent field for the condensate [8] [9] [10] [11] . Numerical simulations based on the ground-state wavefunction are in very good agreement with the results of experiment [12, 13] .
Optical interference is conventionally associated with a well defined phase relationship between the overlapping fields. The mechanism that determines the phase for a condensate has received considerable attention ( [14] and references therein). It is important to note, however, that the observation of interference fringes does not necessarily imply the existence of a predetermined relative phase between the condensates. Indeed, an interference pattern will appear even for two condensates, each with a precisely determined number of atoms and hence with no preferred phase [15] [16] [17] [18] [19] [20] [21] [22] .
It has recently been demonstrated that interference fringes occur when two spatially separated parts of the same condensate are allowed to overlap [3] . This experiment also showed that fringes could be observed at temperatures just below the critical temperature for condensate formation. At these temperatures, most of the trapped atoms are not in the
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condensed motional ground state and the visibility is reduced compared with that which is observed at lower temperatures. The distance between the separated parts of the condensate for which interference fringes occur appears to increase significantly as the temperature is reduced below its critical value. This is consistent with the sudden increase in coherence length described in this paper.
Optical coherence
The theories of classical and quantum-optical coherence are both well developed [23, 24] . It may be helpful, therefore, to start with a brief discussion of the role of coherence and coherence length in optical interferometry.
Consider an optical interferometer of the Mach-Zehnder or Michelson type. The difference between the path lengths will impose phase shifts on the waves travelling through the interferometer, leading to interference. The interference will only be observable if the difference in the path lengths is sufficiently small that random phase fluctuations in the optical source have not caused a loss of coherence between the two recombined waves. The visibility is determined by the first-order coherence function
where E is the complex electric field amplitude and τ is the time delay associated with the difference in the interferometer path lengths. The angled brackets denote a temporal average over t. The modulus of the complex coherence function is peaked at τ = 0 and decays to zero for large values of τ . The time delay characteristic of the decay of the coherence function is the coherence time, which may be written as [23] ( τ )
It is often more natural to deal with coherence length rather than coherence time. In optics, the coherence length L is simply related to the coherence time by L = c τ and represents the difference in the lengths of the interferometer arms for which the visibility is significantly reduced. For matter there is no correspondingly simple relationship between coherence length and coherence time, however, the first-order coherence function and the associated coherence length can be defined for any wave.
Coherence length for a single trapped particle
The aim of this paper is to determine the coherence length for trapped quantum particles. We begin by considering a single particle. In a single-particle interferometer, interference occurs between the probability amplitudes associated with different positions of the particle. Consider a particle prepared in a motional pure state with wavefunction ψ(r). The coherence between the state at two positions r 1 and r 2 can be measured by interference. The interference pattern takes the form of a probability density
where a and b are geometrical factors. The visibility will depend on ψ * (r 1 ) ψ(r 2 ), which is the analogue of the optical coherence function (2.1). If the particle is prepared in a mixture of states ψ n (r) with probabilities ρ n then the coherence function becomes
whereρ is the density operator and |r is a three-dimensional position eigenstate. This is closely related to the spatial correlation function introduced to measure the temperature of ultra-cold atoms [25] . Interference associated with the motional state of a single trapped particle has been demonstrated in ion traps [26] [27] [28] [29] . The coherence function (3.2) will depend, in general, on both the distance and direction between the points r 1 and r 2 . A measure of the distance in the x-direction over which coherent phenomena can be observed is the coherence length L in the x-direction, which is defined by
A factor of two has been introduced in comparison with the optical coherence time (2.2) so that the coherence length for a pure state coincides with its width given by the uncertainty x. We note that the coherence length can be expressed in terms of the density and position operators [30] ,
The difference between the width of the motional wavepacket and its coherence length is best illustrated by considering the example of a thermal wavepacket [30] . In this state, the probability of finding the particle in the nth motional eigenstate of the trap is given by the Boltzmann formula
where ω is the trap frequency (in the x-direction) and β = (k B T ) −1 is proportional to the inverse temperature. The width of the thermal wavepacket exceeds that for the zero-temperature ground state,
In contrast, the coherence length for the thermal wavepacket is less than that for the zerotemperature ground state,
This means that the thermal wavepacket has a greater spatial extent than the ground state wavepacket, but that the distance over which interference can occur is less than that for the ground state. The width of the thermal wavepacket is a monotonically increasing function of temperature, but its coherence length decreases monotonically with temperature.
Coherence length for a trapped Bose gas
In order to treat the coherence properties of a Bose gas of cold atoms, we require a secondquantized description [11, 31] . Hence we introduce the atom annihilation and creation operatorsψ(r) andψ † (r ). We will be concerned in this paper only with operators evaluated at equal times and so suppress all time dependences. The operators satisfy the bosonic commutation relations
We can represent the observable properties of our Bose gas in terms of these operators. In particular, the density of atoms at position r is associated with the operatorψ † (r)ψ(r) and the total atom number operator is drψ † (r)ψ(r). In an interference experiment on a trapped gas, we might measure the interference between matter waves associated with two different positions r 1 and r 2 in the gas [3] . The mean density of atoms would then be
where a and b are geometrical factors. This density is the second-quantized analogue of the single-particle probability (3.1). The coherence or Green function associated with the interference is then [4]
which is proportional to the single-particle density matrix [31] ,
where N is the mean number of trapped atoms. This is the many-particle analogue of (3.2) and the corresponding coherence length is
Given the coherence function (4.4) or equivalently the density matrix (4.5) we can determine the coherence length for the trapped gas. We note that our coherence length can be applied to any many-body problem including those involving fermions and those involving fewer than three dimensions. We will consider these elsewhere. Higher-order coherence functions for a trapped Bose gas have been calculated [4] [5] [6] and measured [32, 33] . These provide information concerning density fluctuations and collisions within a condensate.
The density matrix
Our aim is to calculate the coherence length for a trapped Bose gas. In order to keep our analysis as simple as possible we will describe the gas using the grand canonical ensemble in which the mean values of the energy and of the total particle number are fixed [34] . We will also restrict our discussion to the non-interacting, ideal Bose gas. Finally, we specialize to the case of an isotropic harmonic trap in which the frequencies associated with oscillation in the three Cartesian directions are equal so that the potential energy of a single trapped atom is U(r) = 1 2 mω 2 r 2 , where m is the atomic mass and ω is the angular frequency of harmonic motion in the trap. The energy eigenvalues have the familiar form for a three-dimensional harmonic oscillator
Here we have set the zero of energy to coincide with the ground state of the trap. Naturally, this choice will also affect the value of the chemical potential.
The mean number of particles occupying any given trap state is given by the Bose-Einstein formula
so that the mean value of the total atom number is
For any given value of N , the (negative-valued) chemical potential µ must be chosen so that this equation is valid. Equation (4.9) can be simplified by expressing the summations over n x , n y and n z in terms of a single summation over a dummy index j (see [35, 36] and appendix A) to give
We proceed with our calculation of the density matrix (4.5) by expanding the atom annihilation and creation operators as a sum of operators for each of the trap stateŝ
u n x ,n y ,n z (r)â n x ,n y ,n z (4.11) where the trap state annihilation and creation operators satisfy the usual commutation relations
In thermal equilibrium, the expectation values of products of annihilation and creation operators have the simple form â † n x ,n y ,n zâ n x ,n y ,n z = N n x ,n y ,n z δ n x ,n x δ n y ,n y δ n z ,n z . (4.13)
Hence the density matrix is
which is equivalent to the coherence function given by Naraschewski and Glauber [6] . We can simplify this expression with the aid of the harmonic oscillator eigenfunctions to give (see appendix A)
The density matrix has the form of a sum of Gaussians in the sum and difference of the coordinates, centred on the middle of the trap. In particular, the width of the Gaussian containing the sum r 1 +r 2 is proportional to the uncertainty of a single thermal particle as given in (3.6), whilst the width of the Gaussian containing the difference r 1 − r 2 is proportional to the corresponding coherence length (3.7). We point out that the mean squared width of the Bose gas can be readily obtained from the density matrix (4.15),
In the zero-temperature limit, β → ∞ and the width of the ground state is given by
For large temperatures the number of atoms occupying any given trap state is small and the density matrix (4.15) approaches the simpler form (A.14). In this limit the width of the thermal cloud becomes
which is the same as the single-particle expression (3.6) and grows approximately linearly with temperature.
Coherence length
The coherence length can be obtained by substituting the density matrix (4.15) into (4.6). We present, in appendix A, the evaluation of the required integrals and summations and show that the coherence length can be written in the form
In the zero-temperature limit, β → ∞ and the ratio of summations tends to zero so we are left with
which is the value associated with the width of the trap ground state. This equivalence between the condensate coherence length and the size of the condensate has been demonstrated in [7] . More generally, the coherence length is an explicit function of the inverse temperature β and of the chemical potential µ, but depends on the total number of atoms N only implicitly through µ. We are interested in the temperature dependence of the coherence length for a given number of atoms and therefore substitute into (4.19) the appropriate value of µ determined from (4.10).
Of particular interest is the behaviour of the coherence length in the vicinity of the critical temperature
below which condensation occurs [37] [38] [39] . Here, the Riemann zeta-function is defined as ζ(t) = ∞ n=1 n −t . The critical temperature can be interpreted as the temperature at which the de Broglie waves for the individual atoms overlap [40] . It can also be understood as a consequence of the uncertainty principle [41] .
In figure 1(a) we plot the ratio L/L 0 as a function of temperature for a mean total number of atoms N = 1, 10, 10 2 , 10 3 and 10 4 , indicated by the broken curves. The temperature has been scaled to reflect the formation of a condensate below the critical temperature. For comparison, the fraction of atoms in the (condensed) ground state is shown broken in figure 1(b) . In the limit N → ∞, the asymptotic form of the coherence length is a Heaviside function in temperature with a transition from L = L 0 to L = 0 at the critical temperature, whilst below T = T C the ground state occupation can be described by the equation [38] 
Remarkably, the coherence length shows a significant increase as soon as condensation starts to occur, even when only a small fraction of atoms is in the ground state. This is a consequence of Figure 2 . The normalized coherence length (A.10) for higher temperatures. For temperatures above the critical value the coherence length approaches the value for a single thermal particle (broken curves). This can be seen more clearly in the magnified plot region (inset). the change in the first-order coherence function associated with condensation, which has been noted previously [4, 6, 9] . The larger the number of atoms, the more abruptly the coherence length rises to its maximal (zero-temperature) value as the temperature decreases below T C . In order to study the coherence length for larger numbers of atoms, we employ an approximate form (A.10) derived in appendix A. This approximate form is plotted as full curves in figure 1(a) , for mean atom numbers increasing by factors of 10 from 1 to 10 7 . The corresponding approximation for the fraction of atoms in the ground state (A.9) is shown in figure 1(b) . For large numbers of atoms the coherence length remains near to its zerotemperature value up to temperatures just below T C , even though only a small fraction of atoms are condensed. Above T C the coherence length is greatly reduced.
At high temperatures the gas is no longer degenerate and we can neglect the unity term in the denominator of the Bose formula (4.8). We show in appendix A, that in this limit the coherence length reduces to its single-particle form (3.6). In figure 2 we compare the coherence length (full curves) with this high-temperature approximation (broken curves). It is clear that the high-temperature approximation, which ignores degeneracy, provides a good approximation for temperatures above T C .
It is important to remember that, although at temperatures just below T C the coherence length quickly rises to L 0 , the total width of the condensate greatly exceeds its ground state width of x 0 = L 0 , as shown in figure 3 . The trapped gas' coherence length as a fraction of the cloud width ( figure 4) gives a clearer perspective of the relative length scales as the transition temperature is traversed. Even in this 'normalized' picture the coherence length increases abruptly at T C for large atom numbers.
Conclusion
The coherence length is a critical measure for the observation of interference. In this paper we have derived its form for a trapped ideal Bose gas.
We have demonstrated that the onset of condensation coincides with a dramatic increase in the coherence length, especially for a large number of atoms. This increase is remarkable as the coherence length reaches its maximum value at temperatures for which only a small proportion of the trapped atoms are in the ground state. The increase in coherence length provides a simple explanation for the interference between spatially separated regions of a condensate just below the critical temperature [3] .
Interference and coherence are often associated with the existence of a pure state for the trapped gas. This description is indeed valid for temperatures close to zero, but does not apply in the vicinity of the critical temperature. The least-squares fit of appendix B shows that the nearest pure-state approximation to the density matrix (4.15) is the trap ground state (B.11) with a mean occupation number N 0 . This means that a pure-state description is not applicable just below the critical temperature when N 0 N . Thus, although a pure state will give rise to coherence, it is, of course, perfectly possible for coherent phenomena to be observed for mixed states.
It should be emphasized that the spatial extent of the trapped gas, as measured by (4.16), is larger than the coherence length. Only in the limit of zero temperature do they tend to the same value. This means that there is a jump in partial coherence at the critical temperature. Coherent phenomena will be more apparent below the critical temperature, but are not expected to extend across the whole of the trapped gas until much lower temperatures are reached.
The coherence length may also be calculated for other many-body problems including anisotropic gases, Bose gases in one and two dimensions and trapped Fermi gases. We intend to investigate such cases in the future.
Appendix A. Mathematical details
We present in this appendix some of the more involved mathematical derivations of the formulae presented in the text.
The Bose-Einstein formula for the mean total atom number (4.9) can be replaced by a simpler expression involving only a single sum (4.10) . This can be achieved by writing (4.9) in the form [35, 36] 
We can obtain the density matrix in the form (4.15) by first introducing an additional sum as in (A.1) and by giving explicit expressions for the trap state eigenfunctions. This leads us to rewrite (4.14) in the form
where we have introduced dimensionless coordinates
and the final terms in square brackets indicate replacing X by Y and by Z. We can evaluate the sum over n in (A.2) by using the integral representation of the Hermite polynomials and their generating function [42] to give
Evaluating the Gaussian integral then gives
Applying the same procedure to the Y and Z summations and reinstating the original coordinates gives the density matrix in the form (4.15). The coherence length (4.19) may be obtained by inserting the density matrix (4.15) into our formula for the coherence length (4.6) and evaluating the integrals. For the denominator we find
For the numerator we find
The ratio of (A.7) and (A.6) is the square of the coherence length given in (4.19).
We can obtain a very good approximation to the atom number (4.10) and the coherence length (4.19) by making the replacement
which is accurate to better than 2.5% for all positive x [35, 43] . The resulting approximate forms for the atom number and coherence length are
where we have used the Bose functions [34] 
Similarly, the width of the Bose gas (4.16) can be approximated by
To obtain the high-temperature limit of the coherence length we note that at high temperatures there is only a small probability of finding more than one atom in any given trap state. This means that we can neglect the 1 in the Bose formula (4.8) [41] . In this approximation the density matrix (4.14) becomes
where we have again used the dimensionless coordinates (A.3). The remaining summations can be evaluated using (A.4) and (A.5) to give
Inserting this into (4.6) gives
which is of the same form as found for a single trapped particle (3.6).
Appendix B. Least-squares fit to a wavefunction
The existence of off-diagonal long-range order has long been recognized as an important, even defining feature of Bose-Einstein condensation [9] [10] [11] . This is associated with the approximate factorization of the density matrix as 
